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Random Polynomial 

We obtain exact analytical expressions for correlations between real zeros of the 
Kac random polynomial. We show that the zeros in the interval ( -  1, 1 ) are 
asymptotically independent of the zeros outside of this interval, and that the 
straightened zeros have the same limit-translation-invariant correlations. Then 
we calculate the correlations between the straightened zeros of the O(1 ) random 
polynomial. 

KEY WORDS: Real random polynomials; correlations between zeros; scaling 
limit; determinants of block matrices. 

1. I N T R O D U C T I O N  

Let f n ( t )  be a real r a n d o m  po lynomia l  of degree n, 

f n ( t ) = c o + c l t  + . . .  +c~ , t  ~ (1.1) 

where Co, Cl ..... c,, are independent  real r a n d o m  variables. Dis t r ibu t ion  of 
zeros for various classes of r a n d o m  polynomia ls  is s tudied in the classical 
papers by Bloch and  Polya  [ B P ] ,  Li t t lewood and  Offord [ L O ] ,  Erd6s 
and  Offord l E O ] ,  Erd6s and  Turfin l E T ] ,  and  Kac  [ K 1 - K 3 ] .  We will 
assume that  the coefficients Co, c~ ..... cn are normal ly  dis t r ibuted with 

In  the case when 

E c j = 0 ,  E c  2 2 i = a)  (1 .2)  
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f . ( t )  is the Kac random polynomial. Another interesting case is when 

2 n 

As is pointed out by Edelman and Kostlan [EK],  "this particular random 
polynomial is probably the more natural definition of a random polyno- 
mial." We call this polynomial the O(1) random polynomial because its 
m-point joint probability distribution of zeros is O(1)-invariant for all m 
(see Section 5 below). The O(1) random polynomial can be viewed as the 
Majorana spin state [ Maj ] with real random coefficients, and it models a 
chaotic spin wavefunction in the Majorana representation. See the papers 
by Leboeuf [Lebl,  Leb2], Leboeuf and Shukla [LS], Bogomolny, 
Bohigas, and Leboeuf [BBL2], and Hannay [Han],  where the SU(2) and 
some other random polynomials are introduced and studied, that represent 
the Majorana spin states with complex random coefficients. 

Let {Z 1 ..... ~'k} be the set of real zeros off .( t) .  Consider the distribu- 
tion function of the real zeros, 

e , ( t )  = E # { j :  zj~<t} 

where the mathematical expectation is taken with respect to the joint dis- 
tribution of the coefficients Co ..... cn. Let 

p,( t )  = P'n(t) 

be the density function. By the Kac formula (see, e.g., [K3]),  

p.( t )  - ~ /A . ( t )  C.(t)  -- B](t)  
~zA,( t ) 

where 

(1.3) 

Ao(t)-- o t2J 
j = O  

Bn(t)= ~, ja~t2j_l A'(t) 
- 2 ( 1 . 4 )  

j = l  

C.( t )=  ~ j 2 a 2 t 2 s - 2 = A " ( t ) + A ' n ( t )  
4 4t j = l  

The derivation of (1.3) by Kac is rather complex. A short proof of (1.3) is 
given in the paper [EK]  by Edelman and Kostlan. See also the papers by 
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Hannay [Han]  and Mesincescu, Bessis, Fournier, Mantica, and Aaron 
[M-A],  and Section 2 below. The formula (1.3) implies that for the Kac 
random polynomial, 

1 
lim p.( t )=p(t)  re l1 t2l ' t ~  • (1.5) 

n ~  

and 

p n ( + l )  =--~1 In(n+2)] 1 / 2 1 2  J 

(see [K3] ,  [BS],  and [EK]) .  The limiting density p(t) is not integrable at 
+ 1, and this means that the zeros are mostly located near + 1. Observe, 
in addition, that p,(t) is an even function of t, and the distribution pn(t) dt 
is invariant with respect to the transformation t ~  1/t. Kac [K1]  proves 
that the expected number of real zeros has the asymptotics 

Nn = p n( t ) dt = ( 2/n ) log n + O(1) 

Kac [K2] ,  Erd6s and Oflbrd [EO] ,  Stevens [Ste], Ibragimov and 
Maslova [ IM] ,  Logan and Shepp [LS] ,  Edelman and Kostlan [EK] ,  and 
others extend this asymptotics to various classes of the random coefficients 
{cs}. Maslova [Masl  ] evaluates the variance of the number of real zeros 
as 

Var # {j: f~(zj) =0} = 5  n ----~ o(3 

and she proves the central limit theorem for the number of real zeros (see 
[ Mas2]), for a class of distributions of the random coefficients { c j}. 

In this paper we are interested in correlations between the zeros zj of 
the Kac random polynomial. Let us consider first the zeros in the interval 
( - 1, 1). Define straightening of zj as 

(j = P(zj), P ( t ) =  p(u) du 

In the limit when n ~ 0% the straightened zeros (j are uniformly distributed 
on the real line, so that 

lim E #{j :a<(s<~b } = b - a  (1.6) 
n ~ o o  
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From (1.5) we get that 

du 1 
P( t )  = n(1 - -  u 2 )  - 2g 

1 + t 1 artanh t 
In 1 - t  = n  

hence 

1 
~j = - artanh ri (1.7) 

Let p.m(Sl  ..... Sm) be the joint probability distribution density of the 
straightened zeros (j, 

Pr{ ~r ~ I s , ,  sl + AS 1 ] ..... ~r + [ S m '  Sm "[- A S m ] }  
prim(S1 ,..., Sm) = lim 

/Jsl,..., Asm+ O IzJSI ' ' '  ASm[ 

(1.8) 

It coincides with the correlation function 

g[~n(Sl, SI + Z~S1)""" ~n(Sm, Sm -[- ASm) ] 
knm(S 1 ..... Sin)= lim (1.9) 

A,,,..., A ..... o IAs~ . . .  Asml 

where 

r  

Our aim is to find the limit correlation functions 

k,,(sl ..... s , , )  = l i m  k,m(Sl,..., Sm) ( 1 . 1 0 )  
n~oo  

We prove the following results. 

T h e o r e m  1.1. The limit two-point correlation function k2($1, $2) of 
the straightened zeros ~j = n - ~ artanh zj of the Kac random polynomial is 
equal to 

2 Is inh g ( S  1 - -  $2) I 
k2(s~, s2) = tanh n(Sl - s2 )  + co--o-~ ~--~1--- ~2) arcsin cosh ~(S1--$2) 

(1.11) 

Observe that k2(sl, s2) depends only on s l - 8 2 ,  and it has the following 
asymptotics: 
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7-( 2 

k2(Sl ,  s 2 ) = - ~ - I s l  - - s2 l  -I- O(Is1 --  $212), I s1- -s2 l  ~ 0 

6 e 4~z Is I s 2 l _ [  - ISl k2(s1 ,  $ 2 )  = 1 - - -  - O ( e  -6~z -s21), IS 1 - -  $21 ~ O0 

The graph of k2(0, s) is given in Fig. 1. 

T h e o r e m  1.2. The limit m-point correlation function km(s 1 ..... Sm) 
of the straightened zeros (s = re- 1 artanh zj is equal to 

km(S 1 ..... Sm) = 2 m I-I t a n h  4 7~(s i - -  S j )  

1 < ~ i < j < ~ m  

S x . . .  lYl " ' 'Yml  e-1/2(YFm'Y) dy l  " " d y m  
- -  oo  c o  

(1 .12)  

where Y =  ( Y l  ..... Ym) and the matrix Fm is defined as 

m 

In particular, km(Sl,... , Sin) depends only on the differences of s~,..., Sin, 
hence it is translation invariant. 

The proof of Theorems 1.1 and 1.2 is given in Sections 2, 3 and 4 
below. It is based on computation of the determinant of some matrices 

Fig. 1. 
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which consist of 2 x 2 blocks. This computation is of independent interest. 
The basic example is the matrix 

All A12 "'" AI~ 

Z~m = /~!ll A A22m9 "" �9 * ~!~) (1.14) 

where 

1 l~--tit j 
Ao=~ t s 

\ ( - 2 

We prove in Section 4 that 

(I-~itj)2 / 

l + titj 1' 
i , j= l  ..... m (1.15) 

M, ~<i<j~m(ti- 0) 8 (1.16) 
det Am = I-[ 7'= l( 1 -- t/2) 4 I~, <~i<j<~m( l --  titi)  8 

It is interesting to note that determinants of matrices consisting of 2 x 2 
blocks appear also in the theory of random matrices (see, e.g., [Dys]  and 
[ Meh]), statistical physics, and other applications. 

Consider now zeros ~/with I~jl > 1. Define straightening of zj as 

.of~7~176 if t < - - I  (1.17) 
P(t)=(]•p(u)du if t > l  

In the limit when n ~ o% the straightened zeros ~j are uniformly distributed 
on the real line. From (1.5) 

1 l + t  1 t 1 = - artanh (1.18) P(t) = ~-~ In 1 - t  rc 

so that 

( j =  z~ - l  artanh zj I (1.19) 

Denote by k~ ..... sin) the correlation function of the straightened zeros 
(s with [zjl > 1. 

Theorem 1.3. 

k ~ ~sl ,..., sin) = knm(Sl ,..., Sm) (1.20) 
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In other words, the correlation functions of the straightened zeros out- 
side of the interval ( -  1, 1) coincide with those inside of the interval. 
Finally, let us consider correlation between zeros inside of the interval 
( - 1 ,  1) and outside of this interval. Let Knm(tl ..... tin) be the correlation 
function of the zeros T s (without straightening). 

T h e o r e m  1.4. Assume that I t l l , . . . , l t t [<l  and [tt+l[ ..... [ tm[>l .  
Then the limit 

lim K,m(tl,..., tin)=Km(tl,..., tm) (1.21) 
n ~ o ~ 3  

exists and 

Km(tl,..., tm)=K,( t l  ..... tz) Km l(t ,+l ..... tm) (1.22) 

This means that the zeros inside and outside of the interval ( - 1 ,  1) 
are asymptotically independent. Observe that 

km(Sl,..., Srta) = F gm( tl~-'"-~ tin) ] 
L p( t , ) . .  "p(tm)J 4 = P-t(s,).., 'm=P-'(sm) 

(1.23) 

provided that either all Itjl < 1 or all Itj[ > 1 (cf. the formula (2.14) below). 
Proof  of Theorems 1.3 and 1.4 is given in the end of Section 4. 

In Sections 5 and 6 we investigate correlation functions of real zeros 
of the O( 1 ) random polynomial. 

2. G E N E R A L  F O R M U L A E  

Let 

f , , ( t )=  ~ cjt j (2.1) 
j = O  

be a polynomial whose coefficients ej are random variables with an 
absolutely continuous joint distribution. Let 

~.(a, b) = # {Zk: a < 27 k ~ b, f~(z~) = O} (2.2) 

be the number of real roots offn( t )  between a and b, and let pn(t) be the 
density of real zeros tk offn(t) ,  so that 

t *  b 

E Cn(a, b) = | pn(t) dt (2.3) 
0o 
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It is not difficult to show that 

p.(t) = rYl D.(O, y; t) dy 
o o  

(2.4) 

where D.(x, y; t) is a joint distribution density o f f . ( t )  and f ' .(t),  

Pr{a < f , ( t )  <~ b; c < f'~(t) <~ d} = f f  I f  D,(x, y; t )dx  dy (2.5) 

Indeed, i f f ' n ( t ) = y  then asymptotically as At ~ 0, the function f , ( t )  has a 
zero in the interval [t, t + At] i f f , ( t )  is in the interval [0, - y  At], and this 
gives (2.5). Similarly, the m-point correlation function K~m(t~,..., tin) for 
pairwise different tl ..... t,, is equal to 

gnm(tl ..... tin) 
fo~ f~ 

- . .  

o o  - - ~ y o  

lye'" "Yml D.m(O, Yl ..... O, Ym; t, ,..., tm) dy, ... dy,,, 

(2.6) 

where D,,,(x~, Yl ..... xm, Ym; tl,..., t,,) is a joint distribution density of the 
vector 

F. = (f~(t,), f ' ( t i  ),..., fn(tm), f'.(tm)) 

so that 

Pr{al < fn(tl) ~< bl ; Cl < f'n(tl) ~< dl ;...; am < f~(t,,,) ~< bin; C m <f'.(tm) <~ din} 

=f~l f~i a m c., ..... tm) d X l d y l " ' d x m d y m  

(2.7) 

If {c j} are independent random variables with V a r c j > 0  then the 
covariance matrix of the vector F n is positive, provided that n >~ 2m - 1 (see 
Appendix B at the end of the paper). Similar formulae are derived for the 
correlation functions of complex zeros of random polynomials with com- 
plex and real coefficients (see [ Han]  and [ M-A]). 

Observe that 

I~' I e" E ~n(aj, bj) . . . .  K.,,(t,,..., tin) at, . . ,  arm 
j = 1 an, 

(2.8) 
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provided that (al, bO,..., (am, bin) are pairwise disjoint, and 

pn(t) = K,t(t), E(~n(a, b)) = K,l(t)  dt (2.9) 

For the general case, when (al,  bl),..., (am, bin) may intersect, we have the 
following extension of (2.8): 

j =  1 (AI,. . . ,  At) j =  1 ,ieAj(ai,bi) 

where the sum is taken over all possible partitions (At,..., AI) of { 1,..., m}, 
such that 

Aic~ Aj= (3, i # j 

A 1 u  "" u A I =  {1 ..... m} (2.11) 

IAi[ >/ 1, i----- 1,..., l 

I n  particular, when m = 2 we have 

E[r162 b2)]=~'  f~2Kn2(tl,t2)dtldt2 (2.12) 
2 

if (al ,  bl) ~ (a2, b2) = ~ ,  and 

g [ ~ ( a ,  b)] = p.(t) dt + K.z(tl, t2) dtt dt2 (2.13) 

From the definition (1.9) of the m-point correlation function, it follows that 
the m-point correlation function k.m(S~ ..... Sin) of the straightened zeros 
~J= P(5 )  is related to the m-point correlation function Knm(t I ..... tin) of the 
zeros Tj by the formula 

r K,,,(tl ..... tm)] (2.14) 
knm(Sl '"" Sm) = [ p---~l) S. Tp(~m) ] tl = P I(st,,..., tm=P-l(Sm) 

Assume now that the coefficients cj are independent Gaussian variables 
with zero mean and the variances o-), j=O,..., n. Then D,~(x, y; t) is a 
Gaussian distribution density with the covariance matrix 

A f E f t ( t )  Ef~(t)f'n(t)'~ ( A , ( t ) B , ( t ) ~  (2.15) 
=~,Ef~(t)f',(t) E(f ' , ( t ) )  2 ] = \ B , ( t )  C,(t)/ 
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where A,(t),  B,(t) and C,(t) are defined in (1.4), and from (2.4) we get the 
Kac formula (1.3). 

3. TWO-POINT CORRELATION FUNCTION FOR THE 
KAC POLYNOMIAL 

Let f , ( t ) = C o + C l t +  ... +c~t n be the Kac polynomial,  so that  c~, 
k = 0,..., n, are real independent Gaussian random variables with 

E c ~ = 0 ,  E c ~ = l  (3.5) 

Consider the covariance matrix An of  the Gaussian vector (fn(tl) ,  f'n(tO, 
f~(t2), f'n(t2)). F rom (3.5) 

Efn(t~)fn(t2)= ~ ( t~t2)k-  1-( t~t2)n+l 
k = 0  1 - - t l t  2 

i ~-~tl~ 2 (3.2) 

02 [ 1 - - ( t ,  t2) "+~] 
E f ' ( t l ) f ' ( t z ) - c 3 t ~  Ot2 1 - t ,  t2 

Assume that  ]t~], It2] < 1. Then from (3.2) we obtain that  

lim A. = A (3.3) 
n ~  

with 

A = 

1 t 1 1 t~ 
[ l _ t l  2 ( 1 - t ~ )  2 1--/1/2 (1 - - / l t2 )  2 

t 1 1 + t  2 t 2 1 + t i t  2 

(1 - t~2) 2 (1 - t~) 3 (1 - tit2) 2 ( 1 - q t 2 )  3 

1 1 + tl t2 1 t 2 
1 - t i t 2  (5 - - t i t2 )  3 1 - t  2 ( 1 - t ~ )  2 

tl l +tat  2 t 2 1 +t22 
\ (1 - - t i t2 )  2 (1 - - t i t2 )  3 (1--t22) 2 (5- - t2)  32 ~/ 

We prove in the Section 4 below that  

( t l - - t2 )  8 

(3.4) 

det A = (1 - t2) 4 (5 - t22) 4 (5 - t, t2) 8 (3.5) 
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Let /2 be the two-by-two matrix obtained by removing the first and the 
third rows and columns from A -  1. Then 

where 

A = ( 1 - t ,  t2)4(1-t~)3/(tl-t2) 4 

B = ( 1  - t ,  t2) 3 (1 - t ~ ) 2 ( 1  -t~)2/(tl-t2) 4 

C=(1-t~t2) 4(1 2 3 _ --t2) /(t, t2) 4 

(3.7) 

By (2.6), the correlation function K2(t~, t2) is equal to 

K2(tl,t2) 4n2 dx/-d-e~-o~ o0 lY~y21e-~/2~Y~'Y~dy~dy2 ( 3 . 8 )  

where Y =  (Yl, Y2)" Since 

f~  f~  [Yl Y2I e 1/2(Ay~+ 2BylY2+CY~) dyl dy2 
- - o o  - - o o  

AC(1 - 0  2) 1 + x / l _ o ~ a r c s i n 6  , c f = x / / - ~  

(see Appendix A), we obtain that  

( t l - - t 2 )  2 
/ G ( t '  ' t2) = ~2(1  - -  t~ t2)  ~ (1 - -  t~) (1  - -  t~) 

+ I t , - t21 
n2( 1 - t, t2) 2 ~/(  1 - t2)(1 - t 2) 

x arcsin x/(1 -- t~)(l -- t~) (3.10) 
1 - -  t~ t 2 

Consider the correlation function k2(s~, s2) of the straightened zeroes 
( ~ = n  -1 ar tanh zj. By (2.14), 

K2(tl, t2) 
k2(sl,s2)=p(tl)p(t2), tl = tanh(nsl) ,  t2 = tanh(ns2) (3.11) 
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Since 

1 
p(t) 

~z(1 -- t2~ 

(see (1.5)), we obta in  tha t  

(t~ --  t2) 2 
k2(Sl' $2) = (1 - -  t~ t 2 )  2 -}- 

It1 - t2l x / (1  -- t12)(1 -- t2 2) arcsin ~/(1 -- t2)(1 -- t2 2) 
( 1 -- t I t2) 2 1 - -  t 1 t 2 

2 I sinh rc(sl - s2)[ 
= tanh  ~(Sl - s 2 )  + c o ~ 5  ~ ~ arcsin 

cosh ~(S1--$2) 
(3.12) 

T h e o r e m  1.1 is proved.  

4. H I G H E R  O R D E R  C O R R E L A T I O N  F U N C T I O N S  FOR THE 
KAC P O L Y N O M I A L  

Let f~(t) be the Kac  polynomial ,  and  let t l ,  t2,..., tm be m/>  3 distinct 
points  in the interval ( - 1 ,  1). Deno te  by  A~  ) the covar iance  mat r ix  of  the 
Gauss ian  vector  

(f,,(tl), f~,(tl ),..., f~(tm), f'n(tm)) 

and by  A m the limit o f A ~  ) as n ~  o% 

Am= l im A ~  ) (4 .1 )  

Then  

... A (,,} \ ~ l m \  
~2m ) 

(n) �9 .. Amm ] 

(4.2) 

where 

A(,, )_  (Ef , , ( t i )  f~(tj) Ef~(ti) f'n(tj)~ 
o - \ E  f~,(ti ) L ( t / )  E f,n(ti ) f'n(tj)J 

(4.3) 
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and by (3.2), 

/111 ZJ12 ... Aim / 
ZJm=( zJ21 Z122 "'" Zl2m (4.4) 

. . . . . .  s 
1 A m 2  " "  m 

where 

I 1 
A~ = 1 --ti t  j 

tj 
(f- 2 

(1 ~ , t j ) 2  / 

I + titj ] 
(4.5) 

[cf. (3.4)]. 
If s m denotes the m x m matrix obtained by removing all the odd 

number rows and columns from Am 1, then by (2.6), the correlation func- 
tion Km(t 1 . . . . .  t m )  is equal to 

Km(tl ..... tin) 

1 f~ f~ -(2~z)m ~ _ ' "  - ~  lYl "''Yml e-'/2(ro"'r) dyl ""dym (4.6) 

where Y =  (y~ ,..., Ym)" We have the following extension of the formula (3.6). 

P r o p o s i t i o n  4 .1 .  

I~'<~i<J<<'m(ti--tj)8 (4.7) 
det zlm = I--[ ~= ,(1 - t 2 )  4 l - - [ l  ~< i <  ,j<m( 1 - -  t i t i )  8 

The proof of Proposition 4.1 uses the following lemma. 

I . e m m a  4.2. Let fn(t) (n~>3) be any random polynomial and 
tl ..... tm be any m real numbers. Let zl~ ) be the covariance matrix of the 
Gaussian random vector 

(f~(tl), f'n(t 1),..., f,,(tm), f~,(tm)) 

which is defined in (4.2) and (4.3). Then 

det A~ ) = Pn(tl ..... t,,) 

where en(tl ..... tm) is a polynomial. 

FI 
1 ~ i - < j ~ m  

(ti--t}) 8 (4.8) 
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Proof. To simplify notation we drop the indices m, n in the matrix 
(~) We have A m �9 

A = (A0.)i,j= l ...... (4.9) 

where 

Ao.= (Ef~(ti) f~(tj) Ef~(t,)  f '~(tj)~ (4.10) 
\Ef'n(t~) f.(tj) Ef'n(t;)f '(tj)] 

In the following discussion we consider linear transformations of the matrix 
A which do not change its determinant. By subtracting the first and second 
column of A~I from the first and second column of A/j, respectively, we get 
the matrix z] (1) with the 2 • 2 blocks 

( 1 ) _  (Efn(ti)(fn(tj) --fn(tl)) Ef"(ti)(f'n(tY) -- f 'n( t ' ) )~ ( 4 . 1 1 )  

A~ - \E f ' n ( t i ) ( f . ( t j ) - f n ( t , ) )  Ef 'n( ts ) ( f ' . ( t j ) - - f ' . ( t , ) )J  

Since f . ( t )  is a polynomial, we can take the factor ( t j - t ~ )  out of the first 
two columns of the matrix d (l), and this proves that det d is divisible by 
( t j - t~ )  2. Repeating the same operation on rows we get the factor ( ( j - t l )  4. 
How to get ( t j - t l ) s ?  To that end let us subtract the second column of the 
matrix A l 1 l )=  A;1 multiplied by ( ( j -  t l ) from the first column of the matrix 
d~). This produces the matrix 

(2)_ (Efn( t i )[ fn( tJ)  --f~(t l) -- ( t y -  tl)f ' , ,(tt) ] Ef~(ti)[f '~(ty ) --f'~(t,) ] ) 
Ao - \ E f ' ( t i ) [ f n ( t j ) - f . ( t , ) -  ( t j -  t l ) f 'n(t l)]  Ef ' . ( t~)[ f '~( t i ) - - f ' . ( t l )]  

(4.12) 

Now we can take ( t j - t~)= out of the first column and ( t j - t ~ )  out of the 
second column of the matrix A (2). Repeating the same operations over the 
rows we get that det A is divisible by ( t j - t l )  6. Finally, let us observe that 
by the Taylor formula 

fn( tj) --fn( tl) -- ( t j-- tl) f.,(tl) = ( tj-- t l ) 2 f . (  tl) + O([ t i_  t113 ) 
2 

and 

f ' ( t j )  - - f ' ( t  t ) = (tj -- t ,)  f " ( t t )  + O( Itj -- t~ [2) 

hence if we subtract the second column of the matrix A~ ) multiplied by 
( t j - q ) / 2  from its first column, the difference is of the order of I t j - t~ l  3, 
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and we can take the factor ( t j -  tl) 3 out of the first column and ( t j -  tl) out 
of the second column. This gives the factor ( t j - t l )  4. The same factor is 
taken out of the rows, hence det zl is divisible by ( t j - t l )  8. Similarly, it is 
divisible by ( t j - t i )  8 for all i # j ,  and hence it is divisible by their product. 
Lemma 4.2 is proved. 

Proof of Proposition 4.1. By (4.1), we have 

det ZJ m = lim det zl~, ') (4.13) 
n ~ o ~  

for all tl,..., tm in the interval ( - 1 ,  1). In fact, the limit (4.13) holds for all 
complex t~,..., tm in the unit disk { [tl < I}, and the convergence is uniform 
on every disk {Itl < r}  where r <  1. Hence by Lemma 4.2, 

det Am = H(t l , ' " ,  tin) U ( t i - - t J )  8 
l<~i<j<~m 

(4.14) 

where H(t~,..., tin) is holomorphic in the unit disk. 
Now, let us consider the expression of det Z~ m in terms of the matrix 

elements O~ of A m, that is 

d e t  d m = E ea~ lG(1 )"""  ~2ma(2m) (4.15) 
r 

where a is a permutation of { 1 ..... 2m} and e~ = +1 depending on whether 
a is even or odd. The common denominator of the sum in (4.15) is 

f i  ( l - -t2)  4 U (1- / i t i )  8 (4.16) 
i = l  l<~i<j<~m 

Terefore by (4.14), 

d e t  zl m = 1-~1 <~i<j<~m(ti - tj) 8 C( t l  . . . . .  tm) ( 4 . 1 7 )  
I - I i = l ( 1 -  2 4 m t i  ) 1-Ii<~i<j~m(l__tit j)8 

where C(t  1 . . . . .  tm) is a polynomial of t~ ..... t m. Observe that (4.17) holds for 
all points tl , . . . ,  tm in the unit disk, and so it can be extended to the whole 
complex plane. We are going to show that C ( t l  ..... tin) is a constant, and 
moreover, that 

C(t~ ..... tin) = 1 (4.18) 

Let us look at the asymptotic behavior of det A m a s  t~ ---} ~ while t2,... ,tm 
are fixed. To see it more clearly, let us change Am to A ~) by subtracting the 

822/88/1-2-20 
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( 2 i - 1 ) t h  column and row from (2i)th column and row, respectively, for 
i = 1,..., m. Then 

(11 
22 

\ A ( 1 )  ~ ( 1 )  
\ ~ m l  Zdm2 

... A(1) \ 
~ l m  \ 
A(1) / 

"'" ~ 2 m  ) 

(1) 
�9 . .  A t o m /  

(4.19) 

where 

zj(1) k k  

1-t  

0 (1 --t~) 3 

(4.20) 

for k = 1,..., m, and 

1 ti --  tj \ 

1 - - t t t j  (1-- titj)E (1-- t 2) 
A~)=  

t i - -  tj 2 t i t j  + t E t ~ -  2 t f -  2 t  2 + 1 ] 

\ (1  -- tit~-)2 O - -  t~) ( 1 -  t2 ) (1 -  t2)(1--t~tj) 3 / 

for i ~ j. The leading powers of the elements --(1) O[ ZI m ~ a s  t i ~ oo ,  are 

/ 1 / t ~  

0 

1 / q  
(2) A m = 1/t l  

1/t l  

1/ t l  

0 l / t ,  1/ t l  ... l / t1 1 / t ,h  

1/t~ 1/t~ 1/t~ ... 1/t~ 1/t~ 

1 / t ~  �9 �9 . . .  �9 �9 

1/t~ �9 �9 ... �9 �9 

1/t~ �9 �9 ... �9 �9 

1/t~ �9 �9 ... �9 �9 

(4.21) 

(4.22) 

where , 's stand for the terms of the order of 0(1). Therefore 

(4.23) 

By (4.17), 

const. C( t l ,..., t , , )  
det A m t81 , tl --~ o9 
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hence C ( t  1 ..... tin) is cons tant  in t 1. The  same a rgumen t  o n  t 2 , . . .  , t m  shows 
tha t  it is independent  of  te,..., tm,  SO it is indeed a constant ,  say Cm, i.e., 

C., I~ l  <~ i < , <~ m( t i -  t f l  s 
det A m - i~m= 1( 1 __ t2)a I~1 ~,<j_<m(1 -- tds) s 

(4.24) 

To  p rove  tha t  Cm = 1, let us consider  the a sympto t i c  behav io r  of  det A,, as 
t~ -~ 1 with re,..., tm fixed and close to zero. Then on the one  hand,  we have  
f rom (4.28) that  

l im (1 - t 2 )  4 det A m  = Cm det zJ m _  1 

tl ~ 1 f r o -  1 
(4.25) 

O n  the other  hand,  

( 1 )  _ _  
A m - -  

1 
(1 - t ~  2) 0 �9 ... 

1 
o 3 * " ' "  

. . . . . .  Z~m_ 1 

, \  

(4.26) 

where the te rms �9 are regular  at  t 1 = 1. Hence  the leading t e rm of  the 
Lauren t  series of  det A m at tl = 1 is (1 - t l )  -4 det A m_ 1, which shows tha t  

C m  
- -  d e t  A m _  1 = d e t  A m _ 1 (4.27) 
C m  -- I 

Thus  Cm = Cm 1" Repeat ing this a rgumen t  we get tha t  

C m = C m _ l  . . . . .  C2=Cl=l 

Therefore  C m = 1. Propos i t ion  4.1 is proved.  
Similarly we p rove  the following proposi t ion.  

Proposition 4.3. 

0)11 O-,)12 . . .  (Dim ~ 

O m  = [ O)21 0)22 "'" ('O2m / 
. . . . . . . . .  / 

\ 0 ) m l  0)m2 "'" t 

(4.28) 
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wi th  

(1 - -  t / 2 )  3 1-lie j(1 - -  t i l j )  4 
c o , -  Y I j . i ( t , -  tj) 4 (4.29) 

a n d  

( 1 -  t/2)2 (1 2 2 --  t j )  H ~ , i ( 1  - t i t k )  2 I - L , j ( 1  - t j tk) 2 

c % =  (1 - tkt~) I - I k . i ( t i -  tk) 2 1--[k. j ( t j -  tk) 2 ' 
i # j  (4.30) 

P u t  n o w  

t i = tanh(zrs,.), i = 1 ..... m (4.31) 

T h e n  b y  (4.29) a n d  (4.30),  

o)ii = (1 - t/2) 3 I-I  c~  I [ ( S i - - S j )  

co o- = ( 1 - / /2 )3 /2  ( 1 - t2) 3/2 I ~ k  e i cosh2  ~z(si - -  sic) I - I k  ~ j  cosh4  7t(s j  - Sk )  

c o s h  n( s i - -  sj) 

(4.32) 

for  i ~ j. In  add i t i on ,  

d e t  d m - -  
l - I I  < ~ i <  j < ~ m  t anh8  rc(s~-  sj) 

I-Ii% l( 1 - t/2) a 
(4.33) 

By (2.14),  

K, . (  t l ..... tin) 
k m ( S  1 ..... Sm) - -  

H i  m i p ( t i )  
(4.34) 

N o w  let  us  subs t i t u t e  yi ' s  in (4.6) b y  

(1 - 2 3/2 t i )  Yi,  i =  1 ..... m (4.35) 

then  

H i  m 1 p ( t i )  

g m (  t l  ' " "  tm)  = 2m H 1  <~i< j<~m tanh4 zr(si-- sj) 

x . . .  lYl "' 'Ym[ e-1/2(Y-Ym'Y) dyl " " d y m  
- -  oo - -  oo 

(4.36) 
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where 

0-11 O'12 "'" O'lm~ 
~,m= / 0".2: 0"2: iii 0". ~7 ) 

\ 0 - m l  0 - m 2  " ' "  l T m m /  

with 

(Tii = f l  coth 4 n ( s  i --  sj) 
j # i  

1--[~ r g coth 2 zc(si - sk) I~k r j co th2 ~(sj -- sk) 

a ~  - cosh zc(si - s j )  

Now substitute yi's in the formula (4.36) by 

Yi 1-I c~ z c ( s i -  sj),  i = 1 ..... m 
j ~ i  

then 

Km(t, ,''', tin) : 2 - m  f i  p ( t i )  I-I t a n h 4 n ( s i - s j )  
i=1 l < ~ i < j < ~ m  

I • "'" lY l  " " Y ~ I  e--1/2(YFm'Y)dyl  "" "dym 
- -  o~3 - -  O0 

where 

m 

Thus 

(4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

k m ( s  1 ,..., Sin) = 2-"~ I-I t a n h  4 7"c(s i - -  S j )  

l < ~ i < j < ~ m  

I x lYl" "Yml e- I /2(YFm'Y)  dy l  d y m  
--oo . . . . . . .  --oo (4.42) 

Theorem 1.2 is proved. 
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Proof of Theorem 1.3. Let 

f , ( t ) = C o + C l t +  . . .  +cn 1 t n - l  + c n t  ~ 

g , ( t )  =Cotn-t-Cl tn-1 -t- "'" +Cn_l t - t -C n 
(4.43) 

Then if rk r 0 is a zero Offn(t) then r~- 1 is a zero of gn(t)- Hence if 1 < a < b 
then 

~f(a,b)=~g(a 1, b- l )  (4.44) 

where ~f(a, b) is the number of zeros o f f , ( t )  in the interval (a, b). Observe 
that the distribution of the vector of coefficients (c0 ..... en) coincides with 
the one of the vector (cn,..., Co). Hence 

E[~r(a~, bO... ~f(am, bm)] = E[~g(a  I ', b l ' ) " "  ~g(am 1, b2,')] 
= E[ ~f(a~ -I, b~-l). . .  ~f(a~n 1, bin1)] (4.45) 

Take aj= tj and bs= tj + Ats, j =  1 ..... m, and get Atj  ~ O. Since 

l a - l - b  l l = a - 2 l a - b l + O ( l a - b l 2 ) ,  a ~ b  

we deduce that 

g n m ( t l  1 . . . . .  tm 1) 
2 2 - - g n m ( t l , . . .  , tm) ( 4 . 4 6 )  

t 1 . . .  t m 

Hence 

Knm(tl ' , . . . ,  tm 1) g n m ( t  1 . . . . .  tin) 
m 

P ( t ? l ) " ' p ( t ~  1) p ( t l ) ' ' ' p ( t m )  
(4.47) 

because 

1 
p( t  1) = _ tZp(t) 

zc I I - t  21 

This proves that 

o u t  
knm(Sl , . . . ,  Sm) =k ,m(S1 , . . . ,  Sm) 

Theorem 1.3 is proved. 
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Proof o f  Theorem 1.4. Let [tll ..... [tt[ < 1 and [tz+l[ ..... Itml > 1. 
Denote by Dnm(Xl, y],..., Xm, Ym; tl . . . . .  tin) the joint distribution density of 
the vector 

( f , ( t l ) , fn( t , ) , . . . , f , ( t , ) , f ' ( t , ) ,  gn(tt+ 1), g',(t,+ 1) ..... gn(tm), g'n(tm)) 

Then 

foo gnm(tl ..... tm) . . . .  lY, '"  "Yml 
- - o 0  - - o o  

x O,m(0, yl  ..... 0, ym; tl,..., t,, tt+ll ..... tm ~) dyl "' 'dym (4.48) 

The covariance 

E f ~ ( t i ) g , ( t / 1 ) = t T + t T - l t T l + . . .  + t i t ) - n + t j  ", l<~i<~l<j<~m 

goes to 0 as n ~ oo, together with the partial derivatives in t~, t s, while 

1 
lim E f n ( t , ) f ~ ( t J ) - l _ _ t i t /  1<<.i, j<~l 

n ~  c ~  

1 
lim E g , ( t ~ l ) g , ( t 7  ~) l _ t F l t j  l, l+l<~i ,  j<~m 

n ~ o o  

(4.49) 

This proves that the limiting Gaussian kernel D,, = limn ~ o o  Dnm is factored, 

1 t~nl) Dm(xl, Yx,..., xm, Ym; tl,..., tl, t1+1,..., 

= D t ( f ) ( x l ,  Yl ,..., xt, Yl; tl ,..., tl) 

•  ..... xm, ym; tl?l, ' . . ,  tr~ 1) 

Hence the correlation function K~ is also factored. Theorem 1.4 is proved. 

5. C O R R E L A T I O N S  B E T W E E N  Z E R O S  OF T H E  O ( 1 )  
R A N D O M  P O L Y N O M I A L  

In the following two sections we discuss the correlation functions of 
real zeros and the variance of the number of real zeros of the O(1 ) random 
polynomial. Let f , ( t )  be a O(1) random polynomial, that is 

f~ ( t )=  ~ Ckt k (5.1) 
k = O  
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where {ck} are real independent Gaussian random variables with 

E c~ = 0, E c 2 = a k 

In this case (1.4) reduces to 

which gives 

A~(t) = (1 +t2)  n 

B,(t) =nt(1 + t2) " - l  

Cn(t ) =n(1 + nt2)(1 + t2) n -2  

Bleher and Di 

(5.2) 

(5.3) 

x//'n (5.4) pn(t) n ( l + t  2) 

(see [BS],  [EK] ,  [BBL1 ], and others). The average value of real zeros is 

S E #{k:  Zke •} = pn(t) dt=x//n (5.5) 
- - o 9  

and the normalized density, 

p~(t) 1 
x/~ zc(1 + t2) (5.6) 

is the Cauchy distribution density. Observe that both (5.4) and (5.5) are 
exact relations for all n. Let us compute the two-point correlation function 
K.z(t,, tz). 

Define 

f . ( t)  (5.7) 
CoAt) = (1 + t2) "/z 

Then the real zeros of ~o.(t) coincide with those off .U) .  Hence, similar to 
(2.6), we can write that 

K,,2(tl, t2) = lYl Yzl Dn2(O, y~, O, Y2; t~, t2) dyl dy2 (5.8) 
- - o o  ' - - o o  
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where Dn2(Xl, Yl ,  x2, Y2, tl, t2) is the distribution density function of the 
vector 

(cp.(tl), cp'.(tl), opt(t2), cp'~(t2)) 

Observe that 

(1 + tl t2) ~ 
E cp.(t,) q~.(t2) = p . ( t , ,  t2) - ' l t  + t~'"/2~) (1 t2]n/2 + ~21 

(5.9) 

and 

(t2__tl) 
E (P'n(tl) ~~ = ( t l , t 2 ) = n p n ( l + t l t 2 ) ( l + t ~ )  

02pn 
E cp'.(t,) ~o'.(t2) = - -  ( t , ,  t2) (5.10) 

Ot 10t 2 

( t 2 - - t l )  2 1 

= --nZP" (1 + tl t2) 2 (1 + t2)(1 + t~) + np~ ( 1 + tl t2) 2 

Define the random variable i~(t)  as 

q~'n(t)(1 + t 2) 
~k.( t ) -  ~ (5.11) 

Let Dn2(Xl,Yl, x2,Y2; tl,  t2) be 
random vector (q~n(tl), O.(tl), 
variables, (5.8) is rewritten as 

the distribution density function of the 
~on(t2), O.(t2)). Then after a change of 

f K.2( t l , t 2 )  = n  2 ~ lY lY  [D.2(O, y l ,O,  y 2 ; t l ,  t2) dy,  dy2 (5.12) 
pn(t l )p~(t2)  - ~ .  _ ~  

From (5.10), 

o t , )  
E ft.(t1)(pn(t2)=lIn  17 1-t-- f 

E ~k.(tl) ~b.( t2)=p.  I 
n ( t 2 - - t l )  2 (1 -I- t~)(1 + t2) ]  
( l + t ,  t2) 2+ O-+- t l t~  y J 

(5.13) 
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hence the covariance matrix of the vector ((pn(tl), ~n(tl),  q~,(t2), $,(t2)) is 

An= 

v"~(t ,  - t~) \ 
1 0 P. P. (1 + t i t2 )  

! 

v~(t2-t,) 
0 1 Pn (1 + tlt2) p , a  

x'/n(t2 -- t ' )  1 0 
Pn P" (1 + t l t 2 )  

v ~ t ,  - t~) 
P" -( l + tT-f)) pna 0 1 ] 

(5.14) 

where 

n ( t 2 - t , )  2 ( l + t Z ) ( l + t 2  2) 
a = a ( t l ,  t2)= (1 +t l t2)2 + (1 + t l t2 )  2 (5.15) 

Suppose that t~ and t2 are two distinct fixed points. Then as n ~ ~ ,  the 
quantity 

~ ! -  t~) ~ ]-'~ 
Ip=l = 1 (1 +t2)(1 +t~)]  (5.16) 

goes to 0 exponentially fast, and hence 3 ,  approaches the unit matrix 
exponentially fast. By (5.12) this implies that 

lim K,2(t l ,  t2) _ 1 
n ~ P . ( t l ) p . ( t 2 )  

and the rate of convergence is exponential. In the same way we obtain that 
if t 1 ..... t m are m distinct fixed points then 

Knm(tl,,.., tin) 
pn(tl)'" "pn(tm) 

f~ S =re m .. .  ]yl . . .ymlD~m(O, yl,...,O, ym; t l  . . . . .  tm) d y l . . . d y  m 
o o  - -  o o  

(5.17) 
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where Dnm(X1, y|,..., Xm, Ym, t~,..., tm) is a (2m) x (2m) Gaussian density 
with the covariance matrix 

where 

A n = ( A  {n)'~..  ~ i j  :t,J=l,.. . ,m 

,/;(, _,j)\ 1 ] 
( 5 . 1 8 )  

(1 + t,O ) 

where pn(tl, t2) and a(t~, t2) are defined in (5.9) and (5.15), respectively. 
For  fixed different t~,..., t,~ the matrix A, approaches the unit matrix 
exponentially fast, and this implies that 

lim K~m(tl '"" tin) 
n ~ p n ( t l ) ' "  " p n ( t m )  

=1  

and the rate of convergence is exponential. This means the independence of 
the distribution of real zeros at distinct fixed points. 

The formula (5.17) is simplified if we make the change of variables 
t = tan 0 (stereographic projection). Consider therefore the random function 

g~(O) = ~, ck sink(0) cos"-k(0),  rc rc s=0 - ~ < 0 ~ < ~  (5.19) 

Then 

gn(O) = cos n Of,(tan O) (5.20) 

hence if {zj} are zeros o f f , ( t )  then 

{qj = arctan z j} (5.21) 

are zeros of gn(O). When c, = 0, gn(O) has an extra zero t /=  re/2. Since the 
probability that Cn = 0 is equal to zero, the joint probability distributions of 
zeros of the functions g,,(O) andf , ( t an  0) coincide. By (5.6) the zeros {vb} are 
uniformly distributed on the interval [ -re/2,  ~/2]. The function g,(O) is a 
Gaussian random function with zero mean and the covariance function 

(n) sin O cos  sin O  osn 
k = 0  

= c o s n ( 0 ~  - 02 )  (5.22) 
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The function gn(O) is periodic of period n if n is even, and it is periodic of 
period 2n if n is odd. It is convenient to consider gn(O) on the circle 
$ 1 =  E/(2n)7/ of the length 2n. This circle is the covering space of the 
original circle ~/nT/. If g,(O) = 0 then g,(O + n) = 0 as well. On S 1 the dis- 
tribution of gn(O) is invariant with respect to the shift 

0---, 0c + 0 m o d 2 n  

hence it is O( 1 )-invariant. 
Let g n m ( O 1 , . . .  , Om) be the correlation function of the zeros {qj} of 

g,,(O). Assume that 

Oj--Okv~O modn ,  l<<.j, k<<.m (5.23) 

Then (5.17) gives that 

Knm(O1  ,..., Om) 

= n m f  ~176 
- - o o  

f 
o o  

�9 . .  l y , . . . y m l D n m ( O ,  y l , . . . , O ,  y m ; O 1  ..... Om) d y l . . . d y  m 
-- oo 

(5.24) 

where D n m ( X l ,  Yl . . . . .  Xm, Ym'~ 0 1  . . . . .  Om) is a (2m) • (2m) Gaussian density 
with the covariance matrix 

z~ n -- lA(n)]  --~z~ O" li, j=l,. . . ,m 

where 

A~ )= c o s ' ( 0 i -  0 s) tan(0j - 0;) 
v /n  t an (P i -  0j) 

--n tan2(0i -  0j) + c o s - 2 ( 0 , -  Oj)J 
(5.25) 

Observe that D.m(Xl, Yl ..... xm, Ym; 01 ..... 0m) is the probability distribution 
density of the vector 

(gn(O1), g~n(O1) , , ,  , gtn(Om)~ ' "  g"' <'" - - - ~  J 

and it is nondegenerate provided that n 1> 2m - 1 and (5.23) holds. 



Correlations Between Zeros of a Random Polynomial 295 

Consider now the scaling limit of the correlation functions. The 
straightened zeros are 

They are uniformly distributed on the circle of the length 2 x//n. The limit 
m-point correlation function of {(j} is 

Knm(O1 . . . . .  Ore) Si~ km(sl'""Sm)= n~oolim (717_1 /r~)m , Oi=N~ (5.26) 

Let us find km(s~ ..... Sm). We have that 

lim cos, ( (s,- ~) zC) = e-,~2(~., ~j)~/2 
,, x /n  

(5.27) 

and by (5.25), 

l i m  ,d n = ./1 = ( z J / j ) i . j =  1 . . . . . .  
n ~ o o  

with 

1 
ZlO "=e-~(si-sj)2/2 7~(Sj__St ) 1--~2(Si--Sj)2J (5.28) 

By (5.24) this gives that 

km( Sl ,..., Sin) 

f =~m ...  ]yl . . .ymldm(O, yl,...,O, ym;Sl,...,sm) dy l . . . dym  ( 5 . 2 9 )  
- o o  - ~  

and dm(Xl ,  Yl  , . . . ,  Xm, Ym; S1 ..... Sin) is a Gaussian density with the covariance 
matrix A. Let /2  be m x m matrix obtained by deleting all odd rows and odd 
columns from the matrix A-1. Then we can write (5.29) as 

km(sl,...,Sm)=2m(dle t ~oo i~ d ) m  _ ""  ~ lYa " ' 'Yml  e-1/2(Y~ dyl ...dym 

(5.30) 
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In Appendix C below we prove that  

A > 0  if s iv~s j ,  l < ~ i < j < ~ m  (5.31) 

so the formula  (5.30) is well-defined when the point  si are distinct. 
Fo r  m = 2, (5.30) reduces to 

k 2 ( S l ' S 2 ) - 4 z t 2 ( d e t A ) l / 2  -oo -oo [YlY2[ e 1/2(ra'r) dy  1 dy2 (5.32) 

where 

and 

A = 

1 0 e --.2/2 se - *2/2 \ 

0 1 - - s e  -52 /2  (1 - -3  '2) e-52/2~ 

e - . 2 / 2  - -  se *2/2 1 0 ] 

se-*2/2 ( 1 -- s 2) e-.2/2 0 1 / 
s = * c ( s i  - 3"2)  

B l e h e r a n d  Di 

(5.33) 

where 

and 

1 -- e -*2 - -  s 2 e  *2 e -.2/2(e - * 2  "-k S 2 - -  1 ) 
A =  B =  

det A ' det A 

(5.34) 

(5.35) 

det Q = d e t  A{I,3 } = 1--e-=252 

det A det A 

A direct computa t ion  gives 

det A = ( 1 - e-S:)2 _ s 4 e  - * 2  

~"~ --~- (z~ - -  1 ) { 2 ,4}  

i.e.,/2 is the 2 • 2-submatrix of  A - ~ at the second and the four th  rows and 
columns. Observe that  
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Since 

f ~  [oo lYlY2I e--I/2(Ay2 + AY22 + 2BYlY2) d y l  dy2 
c o  " - -  c t ~  

4 1+  ~ a r c s l n 8  
det I2 x/1 _ 82 

where 8 = B/A (see Appendix A), we obtain from (5.26) that 

1 ( ) 
k2(S l '  $2) = (det z~) T/2 d e t / 2  1 + x/1 _ 82 arcsin 8 

_ (_det zI) 1/2 (1 8 ) 
1 - e-'2 \ + v/1 - 82 arcsin 8 

[(1 - - e  ____s2)2--s4e-S2] 1/2 (1_t 5 

1 - e - ' 2  x / 1  _ 82 
- -  arcsin 5)  (5.36) 

where s = g ( s  1 - -  $2 )  and 

e-S2/2(e ,2 + $2 __ 1) 
6 - (5.37) 

__S 2 - - 8 2  1 -- e -- s2e 

It is worth to note that Hannay [Han]  has calculated the limit two-point 
correlation function of zeros for the complex random SU(2) polynomial, 
and our calculation of (5.36) is very similar to the one of Hannay. 

As s ~ 0 ,  

S 8 
det A = ] ~ +  O(sm), 

S 2 
a----1----~--+-O(s 4) 

which implies that 

k2(Sl ,  $2) = ~2 is 1 _ s 2 l  
4 

q- O(IS  1 --  $212), Sl--S2---~0 (5.38) 

As  s--+ oo, 

det A = 1 - s4e -s2 + O(e-S2), 5 = -s2e-~a/2 + O(e --s2/2) 



which implies that 

ISI - - $ 2 1  ~ O0 

7"g4(S 1 $2)  4 7~2(s I s2)2 
k2(Sl, s2) = 1 + - e + O((Sl - s2) 2 e-~2~s' -s2)2) 

2 

( j _  V'~ arctan Tj 

7~ 

(5.39) 

Thus we have proved the following theorem. 

T h e o r e m  5.1. Let {zj} be zeros of a random O(1) polynomialfn(t)  
of degree n, and 

The graph of k2(0 , s) is shown in Fig. 2. 

be the straightened zeros. Then the limit m-point correlation function 
km(s I ..... Sm) of {(j} is given by the formula (5.30) where A is a (2m) x (2m) 
symmetric matrix which consists of 2 x 2 blocks A,~ defined in (5.27), and 
D = ( A - 1 )  . . . .  is the m x m matrix of the elements of A 1 with even indices. 
The 2-point correlation function is given by the formula (5.36), and its 
asymptotics as S l -  s2 ~ 0 and ISl-s21 ~ oo are given in (5.38) and (5.39), 
respectively. 

1.2 

0.6 

Fig. 2. 

0.4 

0.2 

o12 oi, o16 o18 
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i 
1 1.2 

The two-point correlation function of straightened zeros of the O(1) random 
polynomial. 
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6. VARIANCE OF THE NUMBER OF REAL ZEROS OF THE O(1) 
RANDOM POLYNOMIAL 

Here we calculate the variance of the random variable ~,,(a, b) in the 
case when fn(t) is the O(1) random polynomial. By definition, 

By (2.17), 

Since 

Var ~n(a, b) = E ~](a, b) - (E ~,(a, b)) 2 

E (](a, b) = p.(t) dt + Kn2(tl, t2) dtl dt2 

(6.1) 

(6.2) 

rh rb 
(E ~n(a, b))2 = j .  pn(tl ) dtx J. pn(t2) dt2 

we obtain that 

b b b 
Var ~.(a, b)--  f~ Pn(t) dt + f.  f~ [ K~2(tl, t2 ) -pn( t l )  pn(t2)] dtl dt2 

= fa pn(t)dt + fl fu pn(tOpn(t2) 
(6.4) 

W h e n  t 1 a n d  t 2 are separated, the difference 

Kn2(t~, t2) 
1 

p,(tl)p,(t2) 

(6.3) 

is exponentially small, hence the main contribution to the last integral 
comes from close t~, t 2. Let us put 

S 
tl = t, t 2 = t +pn(t) 

flb b[fa pn(tl)Kn2(tl't2)pn(t2) 11 Pn(t~)pn(t2)dtldt2 

Then 

822/88/1-2-21 
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hence 

Thus  

where 

and k2(s1,5'2) is the 
particular,  

Numerica l  value of  C is 

Bleherand Di 

Var~(a,b)..~f p~(t)dt 1 -  oo(1-k2(O's))ds 

Var ~n( a, b) ~ C v/n ~ dt 
~( 1 + t 2) 

i 
oO  

C = 1 - (k2(0, s ) -  1) ds 
o o  

two-point  correlat ion function given in (5.35). In 

Var  r - ~ ,  oo) ~ C x /~  

C=0.5717310486902.. .  

A P P E N D I X  A. C A L C U L A T I O N  OF A N  I N T E G R A L  

In this Appendix we show that  

f~ i~176 2 , 2  [Yl Y2 [ e -  I/2(AYl + CY2 + 2BYl Y2) dy I dy2 
o o . - - o o  

_ 4 1 + arcsin ~ (A.1) 
A C _  B 2 x/1 _fi2 

where fi = B / , ~ .  By a change of  variables we can reduce the integral 
(A.1) to 

foo foo 2 2 ayty2) dy, dy 2 I= [Y~ Y2[ e 1/2(yI+Y2+2 
c o  o o  
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Changing then 

we obtain that 

1 
Yl = 7 ( X 1  "~- X2) 

1 
Y2 = ~ (Xl -- X2) ,/2 

i=lf ]xe-x2[e l/2[(l+a) x~+(1-fi)x22]dXldX2 
- o c )  0 : 3  

Let 

Then 

r 
- -  cos 0 Xl x/1 + 0  

r 
- -  sin 0 x2 = ~/1 - 0 

1 f :  2 p 2re r3e_,j2d, jo cos20 s_in20 
I = 2 ( 1 - f i 2 )  I/2 1 +fi  1 - 3  dO 

- ( 1 _ 3 2 ) 3 / 2  l ( 1 - a )  c o s 2 0 - ( l  + a ) s i n 2 0 [  dO 

- ( 1  - -32)  3/2 la-cos 201 dO 

Evaluating the last integral we obtain that 

I 4 0 2  
(1 -- 62) 3/2 (~/1 -- + 0 arcsin fi) 

hence (A.1) is proved. 

APPENDIX B. POSITIVITY OF THE COVARIANCE M A T R I X  

Assume that fn( t )  = Co + c l t  + . . .  + C n t  n is a polynomial with inde- 
pendent random coefficients such that E ck = 0 and 0 < E c~ < oe. We show 
in this Appendix that the covariance matrix of the random vector 

Fn = (f~(tl), f~,(tl),..., f~(tm), f 'n(tm)) (B.1) 
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is positive, if tl,..., tm are pairwise different and n ~> 2m - 1. Consider the 
real-valued quadratic form associated with the covariance matrix, 

Q(ct, f l )  = ~ [ct j~ Ef~(tflf~(tk) + ~ x j f l k  Ef~(tfl f'n(tk) 
j ,k 

+ fljo~k Ef' ,(tj)fn(tk) + fljflk Ef',(tj)f, ,(tk)] 

= E  [ jf.(tA+pjf'o(tj)] 2 

= tr 2 (o~jt~Wfljkt~ 1) 
k = 0  1 

The generalized Vandermonde matrix 

( t k ' k t k - - 1 ) j = '  . . . . . .  ; k =0 , . . . ,  2 m - -  1 

is nondegenerate, hence 

tr 2 (o~jt~+fljkt~ 1) > 0  
k = 0  1 

provided that not all ~j, flj are zero. This proves that the quadratic form 
Q(~, fl) is positive, hence the covariance matrix of the random vector (B.1) 
is positive as well. 

The proof remains valid if c~ are, in general, dependent random 
variables with positive covariance matrix (Vkl = E C k C l ) k , l =  0 . . . . . .  . In this case 

Q(ct, f l )=  ~ Vk, dkd,>O, dk= ~ (o~fl~+fljkt~-') 
k , / = O  j = l  

provided that n ~> 2m - 1 and not all ~j, flj are zero. 

APPENDIX C. PROOF OF THE INEQUALITY A > 0  

Let 3 = (Ajk)j,k = ~ ...... where 

_(s_sk)2/2 ( 1 (s;-- sk) Ajk e \ ( sk - s j )  1 - ( s j - s~)Z .J  
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We prove in this Appendix that A > O. Consider the complex-valued quad- 
ratic form associated with A, 

Q(~,  fl) = ~ e - % -  Sk)2/2[ O~j~ k "~- (Sj --  S k ) O~j~ k -J- (S k --  Si) f l j~k  
j,k 

+ [ 1 - (sy--Sk) 2 ] f l j~k]  

Using the formulae 

' s  s ~2/2 1 C ~ e - ~ j -  k,/ = ~ _ |  ei(sj-sDxe-x2/2dx 
v /  2zc J o~ 

( S j - - S k )  e - (s j -sk)2/2= I f ~ ei(S,-sk)x(--ix) e x2/2 dx 
~/2rc J 

/s  s '2/2 1 [, oo [1--(Sj--Sk) 2] e - ' J -  k,, = , - - - /  e i% sk)xxZe-x2/Zdx 
~/2n a 

we can rewrite Q as 

Q(~, fl) = G f ~ e - ; / 2  2 dx [ ~;~k e '%-  ~~ x + ~;flk e~%- ~ x( _ ix) 
x/ zrc oo j,k 

+ fl;~kei%-,k)~(ix) + fljflke i(s; - sD Xx2] 

Define 

Then 

f i x ) =  ~ isx y '  fC.ei~jx %e , , g(x)  = ,_1 
j = l  j = l  

i o o  Q(o~, f l ) : ~  -oo I f ( x )  + ixg(x)12 e-x2/a dx 

The function f (x )  + ixg(x)  is not identically zero provided that not all 0 9, flj 
are 0. Indeed, for every test function q~(x), 

( f ( x )  + ixg(x))  q~(x) dx = (o~j~(sj) + fljfo'(sj)) 
oo j = l  

where ~(s) is the Fourier transform of qffx). We can localize the function 
~(s) near sj and make the last sum nonzero. This proves that f ( x )  + ixg(x)  
is not identically zero, and hence Q(~, ~) > 0. Hence A > 0. 



304 B leher  and Di 

ACKNOWLEDGMENTS 

This work was supported in part by the National Science Foundation, 
Grant No. DMS-9623214, and this support is gratefully acknowledged. 

REFERENCES 

[BS] 

[BP] 

[ BBL1 ] 

[ BBL2 ] 

[Dys] 

[EK] 

lEO] 

[ET] 

[Han ] 

[ IM] 

[K1] 

[K2] 

[K33 

[Kos] 

[Lebl]  

[ Leb2 ] 

[LS] 

[LO] 

[LS] 

[Maj] 

A. T. Bharucha-Reid and M. Sambandham, Random polynomials, Academic Press, 
New York, 1986. 
A. Bloch and G. Polya, On the roots of certain algebraic equations, Proc. London 
Math. Soc. (3) 33:102 114 (1932). 
E. Bogomolny, O. Bohigas, and P. Leboeuf, Distribution of roots of random polyno- 
mials, Phys. Rev. Lett. 68:2726 2729 (1992). 
E. Bogomolny, O. Bohigas, and P. Leboeuf, Quantum chaotic dynamics and 
random polynomials. Preprint, 1996. 
F. J. Dyson, Correlation between eigenvalues of a random matrix, Commun. Math. 
Phys. 19:235-250 (1970). 
A. Edelman and E. Kostlan, How many zeros of a random polynomial are real? 
Bull. Amer. Math. Soc. 32:1 37 (1995). 
P. Erd6s and A. Offord, On the number of real roots of random algebraic equation, 
Proe. London Math. Soc. 6:139 160 (1956). 
P. Erd6s and P. Tur~m, On the distribution of roots of polynomials, Ann. Math. 
51:105 119 (1950). 
J. H. Hannay, Chaotic analytic zero points: exact statistics for those of a random 
spin state, J. Phys. A: Math. Gen. 29:101 105 (1996). 
1. A. Ibragimov ad N. B. Maslova, On the average number of real zeros of random 
polynomials. I, II, Teor. Veroyatn. Primen. 16:229 248, 495 503 (1971). 
M. Kac, On the average number of real roots of a random algebraic equation, Bull. 
Amer. Math. Soc. 49:314 320 (1943). 
M. Kac, On the average number of real roots of a random algebraic equation. II, 
Proc. London Math. Soc. 50:390~408 (1948). 
M. Kac, Probability and related topics in physical sciences. Wiley (Interscience), 
New York, 1959. 
E. Kostlan, On the distribution of roots of random polynomials, From Topology to 
Computation: Proceedings of" the Smalefest, M.W. Hirsh, J.E. Marsden, and 
M. Shub, eds. (Springer-Verlag, New York, 1993), pp. 419~431. 
P. Leboeuf, Phase space approach to quantum dynamics, J. Phys. A: Math. Gen. 
24:4575 (1991). 
P. Leboeuf, Statistical theory of chaotic wavefunctions: a model in terms of random 
analytic functions. Preprint, 1996. 
P. Leboeuf and P. Shukla, Universal fluctuations of zeros of chaotic wavefunctions. 
Preprint, 1996. 
J. Littlewood and A. Offord, On the number of real roots of random algebraic equa- 
tion. I, II, III, J. London Math. Soc. 13:288-295 (1938); Proc. Cambr. Phil. Soc. 
35:133-148 (1939); Math. Sborn. 12:277 286 (1943). 
B. F. Logan and L. A. Shepp, Real zeros of a random polynomial. I, II, Proc. 
London Math. Soc. 18:29 35, 308-314 (1968). 
E. Majorana, Nuovo Cimento 9:43-50 (1932). 



Correlations Between Zeros of a Random Polynomial 305 

[ Masl ] 

[ Mas2 ] 

[ Meh ] 
[M-A] 

[ss] 

[Ste] 

N. B. Maslova, On the variance of the number of real roots of random polynomials, 
Teor. Veroyatn. Primen. 19:36-51 (1974). 
N. B. Maslova, On the distribution of the number of real roots of random polyno- 
mials, Teor. Veroyatn. Primen. 19:488-500 (1974). 
M. L. Mehta, Random matrices (Academic Press, New York, 1991 ). 
G. Mezincescu, D. Bessis, J. Fournier, G. Mantica, and F. D. Aaron, Distribution of 
roots of random polynomials. Preprint, 1996. 
M. Shub and S. Smale, Complexity of Bezout's Theorem 11: Volumes and 
Probabilities, Computational Algebraic Geometry (F. Eysette and A. Calligo, eds.), 
Progr. Math., vol. 109, Birkhauser, Boston, 1993, pp. 267-285. 
D. Stevens, Expected number of real zeros of polynomials, Notices Amer. Math. Soc. 
13:79 (1966). 


